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ABSTRACT
This paper is concerned with the problem of determining approximations to the function F which maps conformally a simply-connected domain Ω onto a rectangle R, so that four specified points on are mapped Ω ∂ respectively onto the four vertices of R. In particular, we study the following two classes of methods for the mapping of domains of the form . This conformal map has many practical applications, and in these the height h of the rectangle is o f t e n o f s p e c i a l s i g n i f i c a n c e I n f a c t , h i s a n i mp o r t a n t d o ma i n functional known as the conformal module of the quadrilateral { ; Ω
(See e.g. [5] f [8, §16.11] and [13] , and observe that some authors define , rather than h, as the conformal module. [14, p.4 ] . See also the paper by Zemach [15] , which concerns a similar crowding phenomenon.) □ (II) Procedures in which the approximation to F is obtained by approximating the conformal map of a certain doubly-connected domain d Ω onto a circular annulus of the form := { : q<| ζ |<l }. q A ζ
Procedures of this type can be used only in cases where the quadrilateral { ft; Z Ω 1 ,z 2 ,z 3 ,z 4 ) has one of the two special forms illustrated in Fig, 1 . We note however that the mapping of such geometries has received considerable attention recently. {See e.g. [2, 9, 12] .) □
FIGURE 1
The specific objectives of the paper are as follows:
To consider in detail the effects of the crowding phenomenon a n d o f t h e r e s u l t i n g i l l -c o n d i t i o n i n g , a s s o c i a t e d w i t h t h e u s e o f procedures of type (I).
(ii) To show that the ill-conditioning mentioned above can be avoided by using procedures of type (II), and to illustrate that such procedures are well-suited for the mapping of domains of the form illustrated in Fig. 1 .
Procedures based on approximating f :
With the notation of Section 1, let f be the function which maps confermally onto the unit disc D so that f( )=0 and f'( )>0, where
can be expressed as
where S : D is a simple Schwarz-Christoffel transformation. In h R → particular S can be formulated as
where Sj ; j=1,2,3 are the three elementary conformal maps illustrated in Fig. 2 . The details of these maps are as follows:
and let 4,
where the point and the rotation ∈ Ο ς α i e are such that
T h e n , t h e b i l i n e a r t r a n s fo r ma t i o n ) ( 1 Ŝ ς = ς ma p s t h e u n i t d i s c D o n t o i t s e l f a n d a r r a n g e s t h e p o i n t s , (ii) Let
Then, the bilinear transformation ) ( S t 2 ς = maps the unit disc :
where sn(., k) and K(k) denote respectively the Jacobian elliptic sine and t h e c o mp l e t e e l l i p t i c i n t e g r a l o f t he f i r s t k i n d , e a c h w i t h mo d u l u s k .
Then, the transformation (t) 3 S w = maps H onto the rectangle , where
FIGURE 2
It follows easily from the above that the main computational requirement for the construction of S by means of (2.2) is the calculation of two incomplete elliptic integrals of the first kind for each transformed point. Thus, in theory the problem of approximating may be , h : F R → Ω regarded as solved once a suitable approximation to is found.
In practice however, the use of (2.1) is restricted by a well-known numerical difficulty which can be explained as follows: 
Then, the numerical difficulty mentioned above is due to the fact that the three lengths and d become very small even when the height h θ Φ, of the rectangle is only moderately small, for example when h = 0.1. h R In fact, it can be shown easily by using (2.5a), (2.8) and (2.10) that 
s e e e . g . { 1 , p . 5 7 } . A l s o , l e t d b e t h e d i s t a n c e b e t w e e n t h e p o i n t s ˆ2 t and i.e. d = 1/ , 3 tˆ2 k -1. Then, it can be shown that
were
-1 6 and a procedure based on (2.1) and {2.12} will fail on a computer with precision 10 -5 , even if the conformal map f is performed "exactly".
We end this section by considering the use of (2.1) for the mapping of domains having one of the two special forms illustrated in Fig. 1 .
Clearly, in such applications, severe crowding will occur when the domain under consideration is "thin", i.e. when the two arcs and are 2 z 1 z 4 z 3 z close to each other. Equivalently, for domains of the form of Fig. l(b) severe crowding will also occur when the two arcs are "far" from each other. For example, with reference to Fig. l(b 
a p r o c e d u r e b a s e d o n ( 2 . 1 ) w i l l b e s u b j e c t t o s e r i o u s n u me r i c a l difficulties when β is "small" or α is "large".
Let Ω be of the form illustrated in Fig. l(a) , where the straight line 3 z 2 z is inclined at an angle to the real axis, with n≥ l an integer, n / π a n d w h e r e : = a r c ( z 1 Γ 1 z 2 ) a n d 2 Γ : = a r o ( ) a r e g i v e n i n p o l a r 4 z 3 z co-ordinates by
Also, let be the 2n-fold d Ω symmetric doubly-connected domain obtained by first reflecting about Ω the straight line That is,
where
Then, for a certain value q , 0<q<1 , is conformally equivalent to the The transformation i π / ς nlog w = (3.5) maps the sector
so that the four corners of S q are mapped onto those of . h
FIGURE 3
It follows from the above that This should be compared with the measure of crowding (2.11) assocated with the mapping via the disc described in Section 2.
Let now ft be a domain of the form illustraded in Fig. l(b) and, as in Section 2, let the arcs z 1 z 2 and z 3 z 4 have cartesian equations y = let . e . i , 2 , 1 j :
Then, the transformation
maps Ω conformally onto the upper half of a symmetric doubly-connected domain which has the form (3.2) with n = 1 and
4.
Numerical examples
In this section we illustrate the theory of the previous sections by considering the computation of the conformal modules of two domains of the type illustrated in Fig. 1 . In both examples we compute approximations to the modules by using each of the following three 
(That is the method is of the type described in Sect. observe that for the two domains considered here this algorithm is equivalent to that of Challis and Burley [2] ; see [6, §5] The meaning of these notations is as follows:
These denote respectively the estimates of the maximum error in modulus in the BKM approximation to and the ONM D :
With reference to Fig. 2 (That is Ω is of the form illustrated in Fig. l(a) .)
The numerical results obtained in the three cases where a = 0.2, 0.15 and 0.1 are listed in Tables 1 and 2. Table 1 contains the values θ Φ, , 2 E 1 E , and concerning the accuracy of the BKM and ONM T C approximations in Meths 1 and 2, and the crowding in Meth. 1. Table 2 contains the approximations to the conformal module h, obtained by each of the three Methods 1, 2 and 3, The exact values of h, which are also listed in this table, were computed by using the formulae of Bowman [1, p.104 ].
In the case α = 0.1, the measure of crowding C T is smaller than the BKM error E t and, not surprisingly, the BKM does not give the a p p r o x i m a t e i m a g e s o f t h e p o i n t s z ; i n t h e c o r r e c t o r d e r . F o r t h i s reason, Meth. 1 fails completely. In the other two cases Meth. 1 does not "fail", but the resulting approximations to h are much less accurate than those computed by Meths 2 and 3. This is due to the damaging effect of crowding and also to the fact that, in general, numerical methods for the conformal map
approximate q more accurately than g (or g [ -1 ] ). □ E x a mp l e 2 . Ω i s t h e d o ma i n b o u n d e d b y t h e s t r a i g h t l i n e s y = 0 , x = 1 a n d x = 0 , a n d a c i r c u l a r a r c o f u n i t r a d i u s a n d c e n t r e a t t h e p o i n t 0 . 5 + i , α > 1 ; s e e F i g . 5 . ( T h a t i s , i s o f t h e f o r m α Ω illustrated in Fig. l(b) .)
The numerical results corresponding to the four cases α = 1.2, 1.1, 9 and 10 are listed in Tables 2(a) and 2(b). As might be expected, in the case = 10 the crowding on α | | ξ = 1 is severe, and Meth. 1 fails completely. In the case α = 1.1, although is smaller than E T C 1 , the BKM gives the approximate images of the points ; in the correct order. j z Because of this, Meth. 1 does not "fail" but, not surprisingly, the resulting approximation to h is very inaccurate. 
